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Braces

A (left) brace is a triple (B, +,-), where B is a set and + and - are operations on
B such that

e (B,+) is an abelian group,
e (B,-) is a group,
o for all a,b,c € B,

a(b+c)=ab—a+ ac, (brace relation).

We call (B, +) the additive group and (B, -) the multiplicative group of the brace.
The cardinal of B is called the size of the brace.

For any abelian group (A, +), (A, 4+, +) is a brace, called trivial brace. Any brace
of prime size is trivial (Bachiller).

For By and By braces, a map f : By — By is a brace morphism if f(b+ 1) =
f(b)+ f(V)) and f(bb') = f(b)f(V) for all b,b" € By. If f is bijective, we say that f
is an ¢somorphism. In that case we say that the braces By and By are isomorphic.



Braces vs. holomorph

If (B,+) is an abelian group and G a regular subgroup of Hol(B) ~ B x Aut B,
then m ¢ : G — B, (a, f) = a is bijective.

For a left brace (B, +, ) and each a € B, we have a bijective map
N : B— B, b— —a+a-b.
We have A\y(b+ ¢) = Aa(b) + Aa(c), a-b=a+ A(b), Aoy = Aa 0 N

Proposition. (Bachiller) Let (B, +,-) be a left brace. Then
{(a, ;) : a € B}

is a reqular subgroup of Hol(B,+), isomorphic to (B, -).
Conwversely, if (B, +) is an abelian group and G is a reqular subgroup of Hol( B, +),
then B is a left brace with (B,-) ~ G, where

a-b=a+f(b), (me) (a)=(a,f)€q.

These assignments give a bijective correspondence between isomorphism classes
of left braces (B, +,-) and conjugacy classes of reqular subgroups of Hol(B,+).



Semidirect product of braces

Let (By,+,-) and (Bs, +, ) be braces and 7 : (Bs,-) — Aut(Bj,+,-) be a group
morphism. Define in By X Bs

(a,b) + (", b)) =(a+d,b+0), (a,b)-(a, V)= (a-7(b)a),b-V)

Then (B X Bs, +, -) is a brace which is called the semidirect product of the braces
By and Bs via .

If 7 is the trivial morphism, then (B X Bs, +, ) is called the direct product of By
and Bs.

Proposition. Let p be a prime and n an integer such that p does not divide
n and each group of order np has a unique normal subgroup of order p. Then
every left brace of size np 1s a direct or semidirect product of the trivial brace
of size p and a left brace of size n.



Proof.
Let B be a left brace of size np with additive group N and multiplicative group G.
By the Schur-Zassenhaus theorem,

N =7, x E with E an abelian group of order n,
G =7, %, F with F a group of order n and 7 : F' — Aut(Z,) a group morphism.
Aut(N) ~ Aut(Z,) x Aut(E) = Hol(V) ~ Hol(Z,) x Hol(E).

(m, k,a,g) € Hol(N),m € Z,,k € Z,,a € E,g € Aut(E)
(m, k,a,g)(m', k', d', g') = (m + km', kk', a + g(d), g9').

{(z,\;) : x € N} is a regular subgroup of Hol(/N) isomorphic to G. For x :=
(0,a) € E, (x,\;) = (0, k4, @, go), where (kq, o) = Az. Now

F = {(0,ksa,q0) : a € E}

is a subgroup of GG of order n, hence conjugate to F'.



Now the unique subgroup of Hol(V) isomorphic to Z, and normalized by Fis

((1,1,0g,1d)).

More precisely

(0, ka, @, ga)(1, 1,05, 1d)(0, kq, a, go) " = ko(1,1,05, 1d).

We have obtained that

o '={(a,g,) : a € E} is a regular subgroup of Hol(E), isomorphic to F,
e the map 7 : F — Ly, (a, ga) = kq is a group morphism,

e ((1,1,0g,1d)) is a regular subgroup of Hol(Z,),

e the semidirect product Z, 3, F' is isomorphic to G.

Hence B is the semidirect product of the trivial brace of size p and the brace of size
n corresponding to the regular subgroup F' of Hol(FE), via 7.



Proposition. Let p be a prime and n an integer such that p does not divide n
and each group of order np has a normal subgroup of order p. Let N = Z, x I/
be an abelian group of order np.

The conjugacy classes of regqular subgroups of Hol(N) are in one-to-one cor-
respondence with couples (F,T) where F' runs over a set of representatives of
conjugacy classes of reqular subgroups of Hol(E) and T runs over representa-
tives of classes of group morphisms 7 : F' — Aut(Z,) under the relation 7 ~ 71’
if and only if there exists v € Aut(E) such that the corresponding inner auto-

morphism ®, of Hol(E) satisfies ®,(F)=F and 7 =1"0®,|p.

Proof.
For a given couple (F), 7) the corresponding regular subgroup of Hol(/V') isomorphic

to Z, X, I 1s
G={((m,7(f),f)| meZ, feF}C(Z,x Z;) x Hol(E) = Hol(V).

Since we are dealing with regular subgroups, we just have to consider conjugation
by elements (z,v) € Aut(N) = Z; X Aut(F).



Let @(; ) be the inner automorphism corresponding to (4, 7) inside Hol(/V). Then,
q)(i,u)(ma ka a, g) — (07 7:7 OE7 V)(mv ka a, g)(07 iv OE7 V)_l
= (im,ik,v(a),vg)(0,17, 0, v71)

= (im, k,v(a),vgr™)

If we work in Hol(FE), conjugation by v € Aut(F) is

y(a,g) = (g, v)(a, 9)(0p,v) = (v(a), vgv ).

Let G =7, x; F ={(m,7(a,9),a,9) | m € Z,, (a,g9) € F'}. Then,
D) (G) = {(im,7(a, g),v(a),vgv ") | m € Z,, (a,g) € F}.

Since ¢ € Z, im tuns over Z, as m does. Therefore, if (F”,7') is another pair, we

have
O )(G)=Zyxp F' <= F' =&,(F), and 7 =17"0d,|p.

Let us observe that in that case Ker 7’ = &, (Ker 7).



(H): p is an prime number and n an integer such that p does not divide n
and each group of order np has a normal subgroup of order p.

(H) is satisfied, in particular, if

®p>n,
.n:87p#273777
oen=12,p>17.

Let b(s) denote the number of isomorphism classes of left braces of size s.
Bardakov, Neschadim and Yadav stated the following conjectures.

(90 ifp=3,7 (mod8),
For p > 11, b(8p) =< 106 ifp=>5 (mod 8),
| 108 ifp=1 (mod 8).

(24 ifp=11 (mod 12),
2% ifp=5  (mod 12),
34 iftp="7 (mod 12),
40 ifp=1 (mod 12).

For p > 7, b(12p) = <

\



Braces of size 12p

Corollary. Let p > 7 be a prime. Every left brace of size 12p is a direct or
semidirect product of the trivial brace of size p and a left brace of size 12.

Left braces of size 12

E\F 012 06 X CQ A4 D2.6 DiClg
Cha 1 1 0 2 1
06 X CQ 1 1 1 1 1

E is the additive group and F' the multiplicative group.

Proposition. For a prime number p, there are 10 left braces of size 12p which are
direct product of the unique brace of size p and a brace of size 12.



Braces with additive group (9, and multiplicative group C, x (Cg x Cs)

For E = Ci9 = Zy9, we have Aut(Z12) = Zi, = {1,5,7,11} ~ Cy x C5 and
HOl(Zlg) = {(I‘,Z) A~ Zlg,g c ZTQ}

For F' = Cy x Cy, we write F' = (x,y), with x of order 6, y of order 2.
1) There are three morphisms from F to Z; with kernel of order 6, namely
T x — 1 T x — —1 T3 x — —1
y — —1 y +— —1 y — 1

2) lf p=1 (mod 6), let (s be a generator of the unique subgroup of order 6 of Z .
We may define six morphisms from F' to Z; with a kernel of order 2, namely

T x (!
y—1

T1 - II%CG
y+— 1

T3 azr—>C§ T4 :Ur—>C6_2 Ts T +— (g
y= Gy G y = G

and two morphisms from F' to Z; with a kernel of order 4, namely

T6 331%{6_1
y— (g

71:x|—><’62 ngx|—>C6_2
y— 1 y— 1.



We know that in Hol(C'5) there is only one regular subgroup isomorphic to F'. We
may take

F={(x=(21),y=(3,7)) C Hol(F)

We determine the conjugation relations between the morphisms 7 : F' — Z .

1) For the morphisms from F' to 7, with kernel of order 6, we have ™ = 3P
and 71 is not conjugate to the other two, since Kermy = (x), Kermn, = (xy),
Ker 13 = (z%y), the second component of z is different from those of zy and z2y.
We obtain then two braces.

2) For the morphisms from F' to Z,, with a kernel of order 4, we have 1, = Py
and we obtain then a unique brace.

3) For the morphisms from F' to Z,, with a kernel of order 2, we observe that m =
71P5, 75 = T1P7, 74 = P11 and 7y, = 13P11. So we obtain only two braces
(determined by 7 and 73). Note that 7 and 73 are not conjugate since Ker 1y =
(y), Ker 13 = ().



Proposition. Let p > 7 be a prime number. We count the left braces with additive
group C'g, and multiplicative group Z, x (Cs x Cs).

1) If p=>5 (mod 6) there are 3 such braces. One of them is a direct product and
the other two have a kernel of order 6.

2) If p =1 (mod 6) there are 6 such braces. One of them is a direct product, two
have kernel of order 6, two have kernels of order 2 and one has kernel of order 4.

Proceeding similarly for each pair (£, F'), for E an abelian group of order 12, and
F' a group of order 12, we obtain the number of left braces with additive group
Z, x E and multiplicative group Z, x F. We show the results in the following
tables. In particular we have established the validity of the conjecture by Bardakov,
Neschadim and Yadav.



If p=11 (mod 12)

012 06 X CQ A4 D2.6 DiClg
Cho 2 3 0 7 2 14
Cs x Oy 2 2 1 3 2 10
4 5 1 10 4 24
If p=>5 (mod 12)
012 06 X CQ A4 D2.6 DiClg
Cho 3 3 0 7 3 16
06 X CQ 3 2 1 3 3 12
6 5 1 10 6 28
If p=7 (mod 12)
012 06 X CQ A4 D2.6 DiClg
Cho 4 6 0 7 2 19
Cs X Oy 4 4 2 3 2 15
8 10 2 10 4 34
If p=1 (mod 12)
012 06 X CQ A4 D2.6 DiClg
Cho 6 6 0 7 3 22
Cs X Oy 6 4 2 3 3 18
12 10 2 10 6 40
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